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1 Introduction
A massive scalar field Φ with mass µ in the background of the Schwarzschild spacetime,
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dθ2 + r2 sin2 θdφ2, (1.1)
is described by the scalar equation [1](
1√−g
∂
∂xµ
√−ggµν ∂
∂xν
− µ2
)
Φ = 0. (1.2)
In this paper, we present the exact solutions of bound states and scattering states. For
bound states, we solve the exact bound-state wave function and present an exact implicit
expression and an asymptotic expression of the bound-state eigenvalue. For scattering
states, using the Eddington-Finkelstein coordinates, we solve the exact solutions of the
scattering wave function; this allows us to calculate the discontinuous jump of the wave
function on the horizon exactly.
On the horizon, there is a discontinuous jump of the wave function. The calculation
of the Hawking radiation relies on the magnitude of the jump. The calculations given by
Hawking [2] and Damour and Ruffini [3] are based on an analytic extension of asymptotic
wave functions. Concretely, they construct an asymptotic inner-horizon wave function by an
analytic extension of an asymptotic outer-horizon wave function. In this paper, instead of
the analytic extension treatment, starting from an exact wave function obtained under the
Eddington-Finkelstein coordinate rather than an approximate asymptotic one, we calculate
the discontinuous jump directly.
In black hole theory, the study of scattering plays an important role [1, 4]. There are
many studies on scattering, such as the asymptotic tail [5] and complex angular momenta
of scalar scattering [6]. The absorption cross section of regular black holes which have event
horizons but not singularities is discussed [7]. Many approximate methods are developed,
such as the Born approximation of massless scalar scattering [8], phase-integral method
for scalar scattering [9], the propagation of a massive vector field [10], massive Dirac field
scattering [11], the absorption cross section for scalar scattering [12], orbiting scattering of
massless spin 0, 1 and 2 particles [13], massive spin-half scattering [14], the WKB approx-
imation for massive Dirac field scattering [15] in the Schwarzschild spacetime, a massive
scalar scattering in the Reissner-Nordström spacetime [16], massless planar scalar waves
scattered by a charged nonrotating black hole [17], scattering by a deformed non-rotating
black hole [18], and massless scalar scattering by a Kerr black hole [19]. Scattering of spin
fields and vector fields in curved spacetime is also studied: the analogue of the Mott for-
mula for scattering in a Coulomb background and in the Dirac scattering by a black hole
[20], massive spin-2 fluctuations of Schwarzschild and slowly rotating Kerr black holes [21],
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the internal stationary state of a black hole for massless Dirac fields [22], the quasinormal
modes of electromagnetic and gravitational perturbations of a Schwarzschild black hole in
an asymptotically anti-de Sitter spacetime [23], and the quasinormal mode frequencies for
the massless Dirac field in Schwarzschild-AdS spacetime [24]. Scattering on arbitrary di-
mensional black holes and on black holes with a cosmological constant is considered [25].
Scattering between two black holes is numerically studied [25]. The scalar field perturba-
tions of the 4+1-dimensional Schwarzschild black hole immersed in a Gödel universe by the
Gimon-Hashimoto solution is described [26]. Scattering method can be used in the calcula-
tion of the Hawking radiation. A systematic scattering method for the Hawking radiation is
developed by Damour and Ruffini [3, 27]. The Hawking radiation of a Reissner-Nordström-
de Sitter black hole [28], the scalar particle Hawking radiation of a BTZ black hole [29],
the charged Dirac particle Hawking radiation of the Kerr-Newman black hole [30], and the
distribution for particles emitted by a black hole [31] are discussed by the Damour-Ruffini
method. The Dirac particle Hawking radiation of the Kerr black hole [32] and of the BTZ
black hole [33] are calculated by the WKB approximation. The Hawking radiation of acous-
tic black holes is discussed [34]. The renormalized expectation values 〈Tab〉 of the relevant
energy-momentum tensor operator of a massless scalar field in the Schwarzschild spacetime
is calculated [35]. Some exact solutions are also obtained. The analytical solution of the
Regge-Wheeler equation and the Teukolsky radial equation is obtained in Ref. [36]. In Ref.
[37], using the truncation condition of the confluent Heun function, the authors calculate
resonant frequencies for a charged scalar field in a dyonic black hole background, and the
asymptotic form of the scattering wave function and Hawking radiation are presented. An
exact solution of the Klein-Gordon equation in Kerr-Newman spacetime is calculated, but
in which the scattering and bound-state boundary condition are not taken into account
[38].
In section 2, the equation of a scalar field in the Schwarzschild spacetime and the
boundary condition are given. In section 3, as a key step, we convert the scalar field equation
in the Schwarzschild spacetime to a confluent Heun equation. In section 4, we provide an
exact solution of the bound-state wave function and an explicit asymptotic expression for
the bound-state eigenvalue; the exact solution of the bound-state eigenvalue will be given in
section 6. In section 5, an exact solution of the scattering wave function is given. Moreover,
we also give an explicit expression of phase shift under the weak-field approximation. In
section 6, we give an exact implicit expression of the bound-state eigenvalue. In section
7, we consider the jump condition of the wave function on the horizon and compare our
result of the discontinuous jump on the horizon with the Hawking and Damour-Ruffini
treatments. The conclusions are summarized in section 8.
2 Scalar field in Schwarzschild spacetime
2.1 Field equation
The Schwarzschild spacetime is spherically symmetric, so we can perform a partial-wave
expansion Φ (xµ) = 14pi
∑
∞
l=0
∑l
m=−l e
−iωtYlm (θ, φ)φlm (r). When the incident wave is a
– 3 –
plane wave, we have [1]:
Φ (xµ) =
∞∑
l=0
(2l + 1) e−iωtPl (cos θ)φl (r) , (2.1)
where φl (r) is the radial wave function satisfying the radial equation[
1
r2
(
1− 2M
r
)
d
dr
r2
(
1− 2M
r
)
d
dr
+ ω2 −
(
1− 2M
r
)
µ2 −
(
1− 2M
r
)
l (l + 1)
r2
]
φl (r) = 0, r ≥ 2M.
(2.2)
There are two singularities at r = 2M and r → ∞ in the radial equation for r ∈
[2M,∞). r = 2M is the horizon of the Schwarzschild spacetime and r →∞ is the natural
boundary of space.
2.2 Boundary condition
In the problem, we need to impose two boundary conditions at r = 2M and r → ∞,
respectively. The boundary condition at the singular point r = 2M of the Schwarzschild
spacetime is
|φl (2M)| <∞, (2.3)
i.e., |φl (r)| must be finite at the singular point [39].
Furthermore, the boundary condition at r = 2M is the asymptotic solution of the
radial equation (2.2) at r → 2M [3, 39–41]. That is, φl (r)|r→2M = φ2Ml (r), where φ2Ml (r)
is the asymptotic solution of the radial equation at r→ 2M . The asymptotics of the radial
equation (2.2) at r → 2M is
[(
1− 2M
r
)
d
dr
(
1− 2M
r
)
d
dr
+ ω2
]
φl (r)
r→2M∼ 0. (2.4)
The solution of this asymptotic equation reads
φl (r)
r→2M∼ e±iωr∗ , (2.5)
where r∗ = r+ 2M ln
∣∣ r
2M − 1
∣∣ is the tortoise coordinate, i.e., φ2Ml (r) = e±iωr∗ . This gives
the boundary condition at r = 2M . The modulus |φl (2M)| is finite just as required by the
boundary condition (2.3). It should be emphasized that though the modulus of the wave
function is finite, the wave function is still singular, because, as will be seen later, there is
a jump on the phase of the wave function.
The boundary condition at r → ∞ determines the solution whether a bound state or
a scattering state:
φl (r)|r→∞ = 0, bound state, (2.6)
φl (r)|r→∞ = φ∞l (r) , scattering state, (2.7)
where φ∞l (r) is the large-distance asymptotics of the solution of the radial equation.
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Furthermore, the boundary condition at r→∞ is the asymptotic solution of the radial
equation (2.2) at r →∞ [3, 39–41]. The asymptotics of the radial equation (2.2) at r →∞
is
1
r2
(
1− 2M
r
)
d
dr
[
r2
(
1− 2M
r
)
d
dr
+ η2
]
φl (r)
r→∞∼ 0. (2.8)
The solution of this asymptotic equation reads
φl (r)
r→∞∼ 1
r
e±iηr∗ , (2.9)
where η =
√
ω2 − µ2. That is, the large-distance asymptotics φ∞l (r) = 1r e±iηr∗ . This is
just the boundary condition at r →∞ [4, 42].
Scattering by a Schwarzschild spacetime is essentially a kind of long-range scattering
[4]. Recall that for potential scattering, the large-distance asymptotics of the solution of
the radial equation, φ∞l (r), is the same for all short-range potential scattering, but for
long-range potential scattering [41, 43], like that in our case, φ∞l (r) is determined by the
potential and different potentials have different asymptotic solutions [44, 45].
3 Converting Scalar field equation to confluent Heun equation
3.1 Confluent Heun equation
The key step in solving the scalar field equation in the Schwarzschild spacetime is to convert
the radial equation (2.2) to a confluent Heun equation, also called the generalized spheroidal
equation [46].
By the variable substitution z = r/M − 1, the radial equation (2.2) can be converted
to a confluent Heun equation,
d
dz
(
z2 − 1) d
dz
y (z) +
[
−p2 (z2 − 1) + 2pβz − λ− m2 + s2 + 2msz
z2 − 1
]
y (z) = 0, (3.1)
where the parameters
m = s = 2M
√
−η2 − µ2, (3.2)
β = i
M
η
(
2η2 + µ2
)
, (3.3)
p = −iMη, (3.4)
λ = l (l + 1)− 8η2M2 − 6µ2M2. (3.5)
The relation between the radial wave function φl (r) and the confluent Heun function y (z)
is
φl (r) = y (z)|z=r/M−1 . (3.6)
Corresponding to the region outside the horizon, i.e., r ∈ [2M,∞), the range of the
variable z in the confluent Heun equation is z ∈ [1,∞). The confluent Heun equation (3.1)
has two singular points, z = 1 and z →∞, in the region z ∈ [1,∞) [46]. These two singular
points just correspond to the two singular points of the Schwarzschild spacetime, r = 2M
and r →∞.
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3.2 Boundary condition
The boundary condition of φl (r) is then converted to a boundary condition of y (z).
The boundary condition at singular point r = 2M , Eq. (2.3), becomes
|y (1)| <∞. (3.7)
The boundary conditions for bound states, Eq. (2.6), and scattering states at r →∞, Eq.
(2.7), then become
y (z)|z→∞ = 0, bound state, (3.8)
y (z)|z→∞ = y∞ (z) , scattering state, (3.9)
where y∞ (z) is the large-distance asymptotics of the solution of the confluent Heun equa-
tion, Eq. (3.1).
4 Bound state
In this section, we solve the bound-state solution. We solve the exact bound-state wave
function and present an exact implicit expression and an asymptotic expression of the
bound-state eigenvalue.
4.1 Bound-state wave function
For bound states, let
η = ik, (4.1)
so that for bound states η = −k2 < 0 with k a real number. Then
m = s = 2M
√
k2 − µ2, (4.2)
β = −M
k
(
2k2 − µ2) , (4.3)
p = kM, (4.4)
λ = l (l + 1) + 8M2k2 − 6M2µ2. (4.5)
The bound-state boundary condition is φl (∞) = 0, or, y (∞) = 0, given by Eqs. (2.6) and
(3.8).
The confluent Heun equation (3.1) with the boundary conditions (3.7) and (3.8) at
z = 1 and z = ∞, which corresponds to the radial equation (2.2) with the boundary
conditions (2.3) and (2.6) at r = 2M and r → ∞, has a solution Π(p, β, z) satisfying
|Π(p, β, 1)| < ∞ and |Π(p, β,∞)| = 0, called the radial generalized spheroidal function of
p-type (RGSF) [46]:
Π(p, β, z) = N (z − 1)(m+s)/2 (z + 1)(m−s)/2 e−p(1+z)
×Hc (a)
(
p,−β +m+ 1,m+ s+ 1,m− s+ 1, σ; z + 1
2
)
, (4.6)
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where Hc (a) (p, α, γ, δ, σ; z) is the angular confluent Heun function, N is the normalization
constant, and σ = λ+ 2p (−2β +m+ s+ 1)−m (m+ 1) with the restriction
m+ s ≥ 0, m− s ≥ 0, p ≥ 0, β ∈ R. (4.7)
The eigenvalue of the Heun equation (3.1) is denoted as λ(r) (p, β), where the superscript
r stands for the radial generalized spheroidal function of p-type (RGSF). It should be noted
here that the eigenvalue λ(r) (p, β) is the eigenvalue of the Heun equation (3.1) rather than
the eigenvalue of the radial equation (2.2).
The restrictions (4.4) and (4.7) require that
k > 0. (4.8)
The bound-state wave function can be then expressed as
Π(k, r) = N
( r
M
− 2
)2M√k2−µ2
e−kr
×Hc (a)
(
Mk,
M
k
(
2k2 − µ2)+ 2M√k2 − µ2 + 1, 4M√k2 − µ2 + 1, 1, σ; r
2M
)
= 2Ne2M
√
k2−µ2 ln( r2M−1)e−kr
×Hc (a)
(
Mk, 1 +
M
k
(
k +
√
k2 − µ2
)2
, 1 + 4M
√
k2 − µ2, 1, σ; r
2M
)
, (4.9)
where N is the normalization constant and
σ = l (l + 1) + 2M2
(
k2 + µ2
)
+ 8M2
(√
k2 − µ2 + k
2
)2
+ 2M
(
k −
√
k2 − µ2
)
. (4.10)
An asymptotic explicit expression of the eigenvalue −k2 will be given later in section (4.2);
an exact implicit expression of the eigenvalue −k2 is given by Eq. (6.2) in section 6. After
substituting the expression of bound-state eigenvalue −k2 into the wave function (4.9), we
arrive at the bound-state wave function.
4.2 Bound-state eigenvalue
For bound states, the eigenvalue of the Heun equation (3.1) takes the discrete values [46]:
λ(r) (p, β) = λn (p, β) (4.11)
with n an integer. Together with Eqs. (4.3), (4.4), and (4.5), we have
l (l + 1) + 8M2k2 − 6M2µ2 = λn
(
−Mk, M
k
(
2k2 − µ2)) . (4.12)
The energy eigenvalue −k2 can be solved from Eq. (4.12). Eq. (4.12) is an implicit
expression of the eigenvalue of the radical equation.
Before solving the exact result of the eigenvalue which will be given by analyzing the
analytic property of the S-matrix of scattering in section 6, we now give an asymptotic
expression of the eigenvalue of bound states.
Note that substituting the eigenvalue given by Eq. (4.12) into Eq. (4.9) gives the
bound-state wave function and, then, the radial generalized spheroidal function of p-type
(RGSF) in the bound-state wave function (4.9) reduces to the Heun polynomials [46].
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4.2.1 Eigenvalue with large Mk
Eigenvalue. For a large p = Mk, the eigenvalue λn has the following asymptotics [46]:
λn = −2Mk
[
2χ− M
k
(
2k2 − µ2)]+{−2χ [χ− M
k
(
2k2 − µ2)]+ 1
2
[
8M2
(
k2 − µ2)− 1]}
+
1
2Mk
{
χ
[
χ− M
k
(
2k2 − µ2)]2 − (χ2 − 1
4
)[
χ− M
k
(
2k2 − µ2)]+ 1
4
χ
[
1− 16M2 (k2 − µ2)]
}
+O
(
1
(Mk)2
)
, (4.13)
where
χ = n+
1
2
(4.14)
with n an integer. The eigenvalue η2 = −k2 can be solved from Eqs. (4.12) and (4.13)
directly.
For instance, up to the first order of 1Mk for simplicity, by Eqs. (4.12), (4.13), and
(4.14), we can obtain the eigenvalue. Solving
l (l + 1) + 2M2µ2 + 8M2
(
k2 − µ2)
= −2Mk
[
2
(
n+
1
2
)
− M
k
(
2k2 − µ2)]+{−2(n+ 1
2
)[
n+
1
2
− M
k
(
2k2 − µ2)]
+
1
2
[
8M2
(
k2 − µ2)− 1]} (4.15)
gives
k = − 2n+ 1
2n (n+ 1) + l (l + 1) + 1
µ2M. (4.16)
Then the eigenvalue reads
η2 = −k2 = −
[
2n + 1
2n (n+ 1) + l (l + 1) + 1
]2
µ4M2. (4.17)
Comparison with Coulomb potential. It is worth comparing the above result, a Klein-
Gordon particle in the Schwarzschild spacetime, with the solution of a Klein-Gordon particle
in the Coulomb potential. The large-k (large-Mk) case is the high-energy case, i.e., the
case of large n. With a large n, Eq. (4.17) becomes
η2 ∼ −M
2µ4
n2
. (4.18)
While the eigenvalue of a Klein-Gordon particle in the Coulomb potential is η2Coulomb =
µ2
[
1 + α2/ (n+ β)2
]−1/2
− µ2, where α and β are some constants [47]. For a large n,
η2Coulomb ∼ −1/n2. These two results are similar to each other.
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4.2.2 Eigenvalue with small Mk
Eigenvalue. For a small p = Mk, Eq. (3.1) can be approximately written as
d
dz
(
z2 − 1) d
dz
y (z) +
(
−λ− 2m2 1
z − 1
)
y (z) = 0, (4.19)
where the relation m = s given by Eq. (4.2) is used. This is a hypergeometric equation
[48]. The eigenvalue of this equation reads
λn = m
2 − (2n+ 1)m+ n (n+ 1) . (4.20)
With Eqs. (4.2) and (4.5), Eq. (4.20) becomes
l (l + 1)+2M2µ2+8M2
(
k2 − µ2) = (−2M√k2 − µ2)2−(2n+ 1)(−2M√k2 − µ2)+n (n+ 1) .
(4.21)
Then we have
k = −
{
µ2
2
+
2n+ 1
8M2
[
8n (n+ 1)− 4l (l + 1) + 1− 8µ2M2]1/2
+
3n(n+ 1)
4M2
− l (l + 1)
4M2
+
1
8M2
}1/2
. (4.22)
The eigenvalue then reads
k = −
{
µ2
2
+
2n+ 1
8M2
[
8n (n+ 1)− 4l (l + 1) + 1− 8µ2M2]1/2
+
3n(n+ 1)
4M2
− l (l + 1)
4M2
+
1
8M2
}
. (4.23)
Comparison with Coulomb potential. For small k (small Mk), which is the low-energy
case, we also compare our result with the solution of a Klein-Gordon particle in the Coulomb
potential. For the low-energy case, n is small. With a small n, Eq. (4.23) becomes
η2 ∼ A−Bn, (4.24)
where A and B are some constants. While the eigenvalue of a Klein-Gordon particle in
the Coulomb potential with small n becomes η2Coulomb ∼ A′ − B′n. These two results are
similar to each other.
Moreover, an exact implicit expression of the eigenvalue of bound states will be given
by analyzing the analytic property of the S-matrix of scattering in section 6.
5 Scattering state
For scattering states,
p = −ic, β = iζ, (5.1)
where c = Mη and ζ = (M/η)
(
2η2 + µ2
)
.
For scattering states, similarly to bound states, we also solve the radial equation (2.2)
with the boundary conditions at r = 2M and at r →∞, respectively, replacing the bound-
state boundary condition (2.6) with the scattering-state boundary condition (2.7) at r →∞.
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5.1 Scattering wave function: Regular solution
The regular solution for scattering in the Schwarzschild spacetime is a solution satisfying the
boundary condition at r = 2M . As a comparison, in common quantum-mechanical central
potential scattering the regular solution satisfies the boundary condition at the singular
point r = 0 [44, 49].
At r = 2M , the solution of the radial equation (2.2) still needs to satisfy the boundary
condition (2.3), but the parameters p and β given by Eq. (5.1) are now pure imaginary num-
bers. The solution now is the angular generalized spheroidal function of c-type, Π(c, ζ, z),
which can be achieved by substituting η = ik into Eq. (4.9):
Π(η, r) = 2Ne2iM
√
η2+µ2 ln( r2M−1)eiηr
×Hc (a)
(
−iηM, 1 − iM
η
(
η −
√
η2 + µ2
)2
, 1 + 4iM
√
η2 + µ2, 1, σ;
r
2M
)
, (5.2)
where
σ = l (l + 1)− 2M2 (η2 − µ2)− 8M2 (√η2 + µ2 − η
2
)2
− 2iM
(
η +
√
η2 + µ2
)
. (5.3)
This solution is an analogue of the regular solution in quantum-mechanical scattering theory.
It should be noted that here the bound-state wave function Π(k, r) given by Eq. (4.9)
satisfies the boundary condition at r = 2M , but leaves alone the boundary condition at
r →∞ before substituting the bound-state eigenvalue which is determined by the boundary
condition at r → ∞ into the eigenfunction. Therefore after performing the replacement
η = ik, Π(η, r) can serve as the regular solution in scattering.
5.2 Scattering wave function: Irregular solution
The irregular solution for scattering in the Schwarzschild spacetime is the solution sat-
isfying the boundary condition φl (r)|r→∞ = φ∞l (r) at r → ∞. As a comparison, in
quantum-mechanical central potential scattering the irregular solution satisfies the bound-
ary condition at r →∞ [44].
At r → ∞, the bound-state boundary condition (2.6) is replaced by the scattering
boundary condition (2.7) and the parameters p and β are taken as imaginary numbers.
5.2.1 Scattering boundary condition: Asymptotic behavior
Before seeking exact solutions, we first investigate the large-distance asymptotic behavior
of the scattering wave function. The asymptotic solution of the scattering wave function
will serve as boundary conditions for scattering states [41, 43, 44].
The solution of Eq. (2.2) satisfying the scattering boundary condition at r →∞ is the
radial generalized spheroidal function (RGSF) of c-type, Π(η, r) [46]. The large-distance
asymptotics of the RGSF of c-type is [46]
Π(3) (η, r)
r→∞∼ 1
r
exp
(
i
[
η (r −M) +
(
2ηM +M
µ2
η
)
ln
( r
M
− 1
)
+ χ (η,M)
])
, (5.4)
Π(4) (η, r)
r→∞∼ 1
r
exp
(
−i
[
η (r −M) +
(
2ηM +M
µ2
η
)
ln
( r
M
− 1
)
+ χ (η,M)
])
,
(5.5)
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where χ (η,M) is the phase of the RGSF of c-type [46]. The asymptotics at r → ∞ of
the two solutions, (5.4) and (5.5), satisfies the boundary condition (2.9). For high-energy
scattering, we have [46]
χ (η,M) = −2Mη ln 2− lpi
2
− 2Mηpi +O
(
1
Mη
)
. (5.6)
5.2.2 Exact solution of outgoing wave function: Outgoing Eddington-Finkelstein
coordinate
In order to solve the scattering wave function, we use the Eddington-Finkelstein coordinate.
Scalar equation with outgoing Eddington-Finkelstein coordinate. To solve the outgoing
wave function, we use the outgoing Eddington-Finkelstein coordinate (u, r) with u = t− r∗
[50]. By the outgoing Eddington-Finkelstein coordinate, we have
ds2 = −
(
1− 2M
r
)
du2 − 2dudr + r2dθ2 + r2 sin2 θdφ2. (5.7)
It is worthy to note that to calculate the Hawking radiation, one needs to know the dis-
continuous jump of the outgoing wave function on the horizon. The outgoing wave function
can be solved under the outgoing Eddington-Finkelstein coordinate and the discontinuous
jump can be obtained directly from the outgoing wave function without the analytic ex-
tension. This is because the outgoing Eddington-Finkelstein coordinate does not diverge at
r = 2M and, then, holds for both regions inner and outer the horizon.
The scalar equation (1.2) then becomes[
− 1
r2
∂
∂u
r2
∂
∂r
− 1
r2
∂
∂r
r2
∂
∂u
+
1
r2
∂
∂r
r2
(
1− 2M
r
)
∂
∂r
+
L2
r2
− µ2
]
Φ = 0. (5.8)
By means of the variable separation
Φ = β (u, r)Ylm (θ, φ) , (5.9)
we arrive at[
− 1
r2
∂
∂u
r2
∂
∂r
− 1
r2
∂
∂r
r2
∂
∂u
+
1
r2
∂
∂r
r2
(
1− 2M
r
)
∂
∂r
− l (l + 1)
r2
− µ2
]
β (u, r) = 0.
(5.10)
This equation can be solved exactly.
Outer horizon. Outer the horizon, the outgoing solution of Eq. (5.10) reads [46]
βouter (u, r) = e−i
√
η2+µ2ue−i
√
η2+µ2reiηrei2Mη(1−r/M)
×Hc (a)
(
−iMη, i2M
(
η +
√
η2 + µ2
)
+ iM
µ2
η
+ 1, 1, 1 + i4M
√
η2 + µ2, σouter, 1− r
2M
)
,
(5.11)
where Hc (a) (α, β, γ, δ, σ, z) is the confluent Heun function and
σouter = l (l + 1) + 4M2
(
η2 +
µ2
2
)
− i2M
(
η +
√
η2 + µ2
)
. (5.12)
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Inner horizon. Inner the horizon, the outgoing solution of Eq. (5.10) reads [46]
βinner (u, r) = e−i
√
η2+µ2ue−i
√
η2+µ2reiηr (r − 2M)−i4
√
η2+µ2M ei2Mη(1−r/M)
×Hc (a)
(
−iMη, i2M
(
η −
√
η2 + µ2
)
+ iM
µ2
η
+ 1, 1, 1 − i4M
√
η2 + µ2, σinner, 1 − r
2M
)
,
(5.13)
where
σinner = l (l + 1) + 4M2
(
η2 +
µ2
2
)
− i2M
(
η −
√
η2 + µ2
)
. (5.14)
It can be seen that the solutions (5.11) and (5.13) satisfy the boundary conditions given
in section 2.2: βouter (u, r) ∼ e−iωteiωr∗ and βinner (u, r) ∼ e−iωteiωr∗ when r → 2M .
Scattering wave function. For scattering, we only concern ourselves with the wave
function outside the horizon, so the exact irregular solution reads
e−iωtΠ(3) (η, r) = βouter (u, r) . (5.15)
Here we have directly written out the time-dependent part.
5.2.3 Exact solution of ingoing wave function: Ingoing Eddington-Finkelstein
coordinate
Scalar equation with ingoing Eddington-Finkelstein coordinate. For the ingoing wave func-
tion, instead of the outgoing Eddington-Finkelstein coordinate, we use the ingoing Eddington-
Finkelstein coordinate (v, r) with v = t + r∗ [50]. By the ingoing Eddington-Finkelstein
coordinate, we have
ds2 = −
(
1− 2M
r
)
dv2 + 2dvdr + r2dθ2 + r2 sin2 θdφ2. (5.16)
Similarly, the ingoing wave function can be solved under the ingoing Eddington-Finkelstein
coordinate and the discontinuous jump can be obtained directly from the ingoing wave
function without the analytic extension. This is because the ingoing Eddington-Finkelstein
coordinate does not diverge at r = 2M and, then, holds for both regions inner and outer
the horizon.
Eq. (1.2) then becomes[
1
r2
∂
∂v
r2
∂
∂r
+
1
r2
∂
∂r
r2
∂
∂v
+
1
r2
∂
∂r
r2
(
1− 2M
r
)
∂
∂r
− L
2
r2
− µ2
]
Φ = 0 (5.17)
By means of the variable separation
Φ = α (v, r)Ylm (θ, φ) , (5.18)
we arrive at[
1
r2
∂
∂v
r2
∂
∂r
+
1
r2
∂
∂r
r2
∂
∂v
+
1
r2
∂
∂r
r2
(
1− 2M
r
)
∂
∂r
− l (l + 1)
r2
− µ2
]
α (v, r) = 0. (5.19)
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Outer horizon. Outer the horizon, the ingoing solution of Eq. (5.19) reads [46]
αouter (v, r) = e−i
√
η2+µ2vei
√
η2+µ2reiηr (2M − r)4i
√
η2+µ2M e2iMη(1−r/M)
×Hc (a)
(
−iMη, i2M
(
η +
√
η2 + µ2
)
+ iM
µ2
η
+ 1, 1, 1 + i4M
√
η2 + µ2, σouter, 1− r
2M
)
,
(5.20)
where σouter is given by Eq. (5.12).
Inner horizon. Inner the horizon, the ingoing solution of Eq. (5.19) reads [46]
αinner (v, r) = e−i
√
η2+µ2vei
√
η2+µ2reiηrei2Mη(1−
r
M )
×Hc (a)
(
−iMη, i2M
(
η −
√
η2 + µ2
)
+ iM
µ2
η
+ 1, 1, 1 − i4M
√
η2 + µ2, σinner, 1− r
2M
)
,
(5.21)
where σinner is given by Eq. (5.14).
αinner (v, r) is an analytic extension of αouter (v, r). It can be seen that the solutions
Eqs. (5.20) and (5.21) satisfy the boundary conditions given in section 2.2: αouter (v, r) ∼
e−iωte−iωr∗ and αinner (v, r) ∼ e−iωte−iωr∗ when r → 2M .
Scattering wave function. For scattering, we only concern ourselves with the wave
function outside the horizon, so the exact irregular solution reads
e−iωtΠ(4) (η, r) = αouter (v, r) . (5.22)
5.3 Scattering phase shift
5.3.1 Formal expression
To calculate the scattering phase shift, we first express the regular solution Π(η, r) which
satisfies the boundary condition at r = 2M as a linear combination of the irregular solutions
Π(3) (η, r) and Π(4) (η, r) which satisfy the boundary condition at r→∞:
Π(η, r) = Cli
l+1Π(4) (η, r) +Dl (−i)l+1Π(3) (η, r) . (5.23)
Here, the coefficients Cl and Dl is determined by [51]
Cl = (−i)l+1
Wr
[
Π(3) (η, r) ,Π(η, r)
]
Wr
[
Π(3) (η, r) ,Π(4) (η, r)
] , (5.24)
Dl = −il+1
Wr
[
Π(4) (η, r) ,Π(η, r)
]
Wr
[
Π(3) (η, r) ,Π(4) (η, r)
] , (5.25)
where the Wronskian determinant Wx [f (x) , g (x)] = f (x) g
′ (x)− f ′ (x) g (x).
The S-matrix can be obtained by Eqs. (5.24) and (5.25):
Sl (η) = e
2iδl =
Dl
Cl
= − (−1)l+1 Wr
[
Π(4) (η, r) ,Π(η, r)
]
Wr
[
Π(3) (η, r) ,Π(η, r)
] . (5.26)
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The scattering phase shift then reads
δl (η) =
1
2
arg
(
− (−1)l+1 Wr
[
Π(4) (η, r) ,Π(η, r)
]
Wr
[
Π(3) (η, r) ,Π(η, r)
]
)
. (5.27)
The scattering phase shift (5.27) can be rewritten as
δl (η) = Wr
[
Π(4) (η, r) ,Π(η, r)
]
+
lpi
2
, (5.28)
since Wr
[
Π(3) (η, r) ,Π(k, r)
]
and Wr
[
Π(4) (η, r) ,Π(η, r)
]
are complex conjugate to each
other.
In principle, one can calculate the phase shift by Eq. (5.28) with the asymmetrics of
the exact wave function, Eqs. (5.2), (5.11), and (5.20) directly. The expression Eq. (5.27),
however, is too complicated, so we provide an explicit approximation under the weak-field
in the next section.
5.3.2 Weak-field approximation
In this section, we calculate the scattering phase shift under the weak-field approximation.
In section 5, we take p = −ic and β = iζ, so c and ζ are real numbers: c = Mη and
ζ = Mη
(
2η2 + µ2
)
.
In weak-field approximation, i.e., c≪ 1 (Mη ≪ 1), the confluent Heun equation (3.1)
reduces to
d
dz
(
z2 − 1) d
dz
y (z) +
[
c2
(
z2 − 1)+ 2cζz − λ] y (z) = 0. (5.29)
The asymptotic solution at z →∞ (r →∞) of Eq. (5.29) reads [52]
Π(c, ζ) ∼ 1
z
sin
(
cz − ζ ln 2cz − lpi
2
+ δl
)
. (5.30)
For c≪ 1 (Mη ≪ 1), the S-matrix can be approximately expressed as [52]
e2iδl ∼ Γ (l + 1− iζ)
Γ (l + 1 + iζ)
exp
(
2c2ζ
(2l − 1) (2l + 3)
) 1− iρeilpi Γ(l+1+iζ)Γ(−l+iζ)
1 + iρe−ilpi Γ(l+1−iζ)Γ(−l−iζ)
, (5.31)
where
ρ ∼
( c
4
)2l+1 pi2(
l + 12
)2
Γ4
(
l + 12
)
[
1− c2 4 (2l + 1)
(2l − 1)2 (2l + 3)2
(
ζ2 +
1
4
)]
. (5.32)
Then we arrive at
Π(η, r) ∼ 1r
M − 1
sin
(
Mη
( r
M
− 1
)
− M
η
(
2η2 + µ2
)
ln 2Mη
( r
M
− 1
)
− lpi
2
+ δl
)
∼ 1
r
sin
(
η (r −M)− M
η
(
2η2 + µ2
)
ln
( r
M
− 1
)
− lpi
2
+ δl
)
. (5.33)
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and
e2iδl ∼
Γ
(
l + 1− i
[
M
η
(
2η2 + µ2
)])
Γ
(
l + 1 + i
[
M
η (2η
2 + µ2)
]) exp(2M2η2 [M
η
(
2η2 + µ2
)] 1
(2l − 1) (2l + 3)
)
×
1− iρeilpi Γ
(
l+1+i
[
M
η (2η
2+µ2)
])
Γ
(
−l+i
[
M
η
(2η2+µ2)
])
1 + iρe−ilpi
Γ
(
l+1−i
[
M
η
(2η2+µ2)
])
Γ
(
−l−i
[
M
η
(2η2+µ2)
])
. (5.34)
When the mass M is very small, we have
e2iδl ∼ Γ (l + 1− i2ηM)
Γ (l + 1 + i2ηM)
. (5.35)
This is just the scattering phase shift of the Newtonian inverse-square potential.
5.4 Asymptotic behavior of scattering wave function
In scattering, we often concern the large-distance asymptotic behavior of the scattering
wave function. The asymptotics at r → ∞ of the scattering wave function (5.23) can be
achieved in virtue of Eqs. (5.4) and (5.5):
Π(η, r)
r→∞∼ 1
r
sin
(
ηr +
(
2ηM +M
µ2
η
)
ln
( r
M
− 1
)
+ δl + χ (η,M)− lpi
2
− ηM
)
.
(5.36)
The asymptotic expression of χ (η,M) for high-energy scattering is given by Eq. (5.6).
6 Bound-state eigenvalue: Exact solution
Now we return to the problem of bound states. Based on the solution of scattering obtained
above, we present the eigenvalue of the bound state.
In section 4.2, we provide an explicit asymptotic expression for the eigenvalue of bound
states. Here we provide an exact implicit expression for the eigenvalue of bound states.
The eigenvalue spectrum of bound states, according to the S-matrix theory, is the
singularity of the S-matrix on the positive real axis [51]. Taking η = ik, we have
Sl (k) = − (−1)l+1
Wr
[
Π(4) (k, r) ,Π(k, r)
]
Wr
[
Π(3) (k, r) ,Π(k, r)
] . (6.1)
The singularity of the S-matrix (6.1) is just the zero of the denominator [51]Wr
[
Π(3) (k, r) ,Π(k, r)
]
with k > 0, i.e.,
Wr
[
Π(3) (k, r) ,Π(k, r)
]
= 0, k > 0. (6.2)
This is an exact implicit expression of the eigenvalue of bound states. The bound-state
eigenvalue −k2 can be solved from Eq. (6.2).
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7 Discontinuous jump on horizon: Jump condition
The scattering wave function on the horizon r = 2M has a discontinuous jump. In order
to calculate the scattering wave function, we need to first determine the jump of the wave
function on the horizon, i.e., the jump condition.
In literature, the discontinuous jump of the wave function is obtained by analytically
extending an asymptotic solution [2, 3].
In this paper, without analytic extension, we calculate the discontinuous jump from the
exact result obtained in the present paper directly. The reason why we need not to perform
the analytic extension is that the coordinate adopted here is the Eddington-Finkelstein
coordinate which has no singularity on the horizon and holds for both regions inner and
outer the horizon.
7.1 Jump condition: Outgoing wave function
In section 5.2.2, we obtain the exact solution of the outgoing wave function outside the
horizon, Eq. (5.13), and obtain the outgoing wave function inside the horizon, Eq. (5.11),
under the Eddington-Finkelstein coordinate. Comparing the wave functions inside and
outside the horizon, we can directly obtain the jump of the wave function on the horizon.
By the outgoing solutions (5.11) and (5.13), the jump of the outgoing wave function
on the horizon r = 2M is
βouter (u, r)
βinner (u, r)
∣∣∣∣
r→2M
= lim
r→2M−
1
(r − 2M)−i4
√
η2+µ2M
= e−4M
√
η2+µ2pi, (7.1)
where Hc (a) (α, β, γ, δ, σ, 0) = 1 is used in the calculation. Note that the limit here is a left
limit since the factor (r − 2M)−i4
√
η2+µ2M comes from βinner (u, r).
It can be directly seen that there exists a jump on the phase of the scattering wave
function.
In literature, e.g., Refs. [2, 3], the jump is calculated from a asymptotic solution. Our
result agrees the result in literature.
7.2 Jump condition: Ingoing wave function
Similarly, by the exact ingoing scattering wave functions inside and outside the horizon
obtained in section 5.2.2, we can directly calculate the jump on the horizon of the ingoing
wave function.
By the ingoing solutions (5.20) and (5.21), the jump of the ingoing wave function on
the horizon r = 2M is
αouter (v, r)
αinner (v, r)
∣∣∣∣
r→2M
= lim
r→2M+
(2M − r)4i
√
η2+µ2M = e−4M
√
η2+µ2pi. (7.2)
Comparing Eqs. (7.1) and (7.2) shows that the jump of the outgoing wave and the
jump of the ingoing wave are the same. Note that the limit here is a right limit since the
factor (2M − r)4i
√
η2+µ2M comes from αouter (v, r).
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7.3 Discontinuous jump on horizon: Comparison with Hawking and Damour-
Ruffini methods
In order to calculate the Hawking radiation, one needs to know the discontinuous jump of
the wave function on the horizon.
Hawking and Ruffini dealt with this problem from different viewpoints respectively.
They, mathematically speaking, did almost the same thing. The methods they used are
both based on asymptotic solutions.
In the above, we have obtained the exact wave functions inner and outer the horizon,
so we can calculate the jump exactly rather than asymptotically.
It should be emphasized that the starting point of all the methods is the solution of
the outgoing wave of the radial equation (2.2).
In the following, we compare our method with the Hawking treatment and the Damour
and Ruffini treatment.
7.3.1 Hawking method: Brief review
Hawking [2] and Damour and Ruffini [3] both start from the r →∞ (r∗ →∞) asymptotics
of the outgoing wave function
βouter
r→∞∼ 1
r
e−iωu =
1
r
e2iωr∗e−iωv, (7.3)
where u and v are the outgoing and ingoing Eddington-Finkelstein coordinates, respectively.
Hawking in Ref. [2] uses quantum field theory to deal with the radiation of a black
hole.
In Hawking’s treatment, the outgoing wave function Φouterω = β
outerYlm (θ, φ) is ex-
panded as
Φouterω =
∫
dω′
(
aωω′fω′ + bωω′ f¯ω′
)
(7.4)
with the expansion coefficients
aωω′ ∼ 1
2pi
(
ω′
ω
)(−ω′)−iωκ−1 , (7.5)
bωω′ = −iαω(−ω′), (7.6)
where fω and f¯ω are the solutions on past null infinity f
− (t = −∞, r = +∞) containing
only positive frequencies and only negative frequencies, respectively. The number of parti-
cles created by the gravitational field and emitted to infinity then reads [2]
〈0−|Nω |0−〉 =
∫
dω′ |bωω′ |2 . (7.7)
Notice that the subscript of αω(−ω′) in Eq. (7.6) is −ω′. In order to calculate the integral in
Eq. (7.7), we need to analytic extend ω′. In Eq. (7.5) ω′ = 0 is a singular point. Hawking
in Ref. [2] performs the analytic extension by anticlockwisely rounding this singularity
ω′ → ω′e−ipi. (7.8)
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By virtue of such an analytic extension, Eq. (7.6) becomes
aω(−ω′) = ie
−ω/κaωω′ . (7.9)
That is to say, aωω′ has a discontinuous jump at ω = 0
aω(−ω′)
aωω′
= ie−ω/κ. (7.10)
Accordingly, Hawking arrives at
〈0−|Nω |0−〉 = 1
e
ω
kT − 1 , T =
1
8piMk
. (7.11)
7.3.2 Damour-Ruffini method: Brief review
Damour and Ruffini, also starting from the asymptotic outgoing wave function (7.3), def-
erent from Hawking, use scattering method to deal with the radiation of a black hole.
Damour and Ruffini rewrite the asymptotic outgoing wave outside the horizon (7.3) as
[3]
βouter
r→2M∼ 1
r
e2iωr∗e−iωv =
1
r
e2iωre−iωv
(
r − 2M
2M
)4iωM
to expose the singularity at the horizon r = 2M . In order to analytically extend the
outgoing wave to the inner horizon, they analytically extend r − 2M as [3]
r − 2M → |r − 2M | e−ipi
= (2M − r) e−ipi. (7.12)
The outgoing wave in the horizon then reads
βinner =
1
r
e4piωMe2iωr∗e−iωv. (7.13)
There is also a discontinuous jump
βouter
βinner
= e−4piωM . (7.14)
Then they obtain a relative scattering probability [3]
Pω = e
−8piωM (7.15)
and then obtain the Hawking’s result:
Nω =
1
e8piωM − 1 =
1
e
ω
kT − 1 , T =
1
8piMk
. (7.16)
– 18 –
7.3.3 Direct calculation through exact solution: Comparison
The starting points of Hawking method and Damour-Ruffini method are both the r→ 2M
asymptotic outgoing wave function (7.3), though their treatments are somewhat different.
In this paper, using the outgoing Eddington-Finkelstein coordinate, we obtain the exact
solution of the outgoing wave function outside the horizon, Eq. (5.11), and we also obtain
the exact result inside the horizon, Eq. (5.13) by analytic extension. This allows us to
calculate the jump exactly.
From the exact results, we can calculate the jump (7.1) exactly:
βouter
βinner
∣∣∣∣
r→2M
= e−4M
√
η2+µ2pi = e−4Mωpi. (7.17)
The result obtained in the present is based on the exact solution rather than the
asymptotic solution.
8 Conclusion
An exact solution for a scalar field in the Schwarzschild spacetime is provided. For bound
states, we obtain an exact bound-state wave function and an exact implicit expression of
eigenvalues. For scattering, we obtain an exact scattering wave function.
Moreover, besides the exact solutions, we also provide some approximate solutions. For
bound states, we provide an explicit asymptotic expression for bound-state eigenvalues. For
scattering, and an approximate expression under the weak-field approximation for phase
shift.
It is worthy to note that the solution of the scalar equation inner the horizon can be
obtained by analytically extending the outer solution. One may also discuss the solution
inner the horizon further based on interior metrics of a Schwarzschild spacetime [53, 54].
In literature, the discontinuous jump on horizon of the wave function is obtained by an-
alytically extending an asymptotic solution [2, 3]. In this paper, since we have obtained the
exact solution of wave functions, we can calculate this discontinuous jump straightforwardly
from the exact result without analytic extensions.
Scattering by a Schwarzschild spacetime is a long-range potential scattering. In further
researches, we can attempt the heat-kernel method to calculate the scattering phase shift
using the approach developed in Refs. [55–61]. Moreover, starting from the exact solution,
we can investigate the large-distance asymptotic behavior which is important in the scat-
tering problem [5, 41, 43, 45]. Starting from the exact solution given in the present paper,
we can also calculate the corresponding heat kernel and the partition function [62]. Using
the heat kernel, we can calculate various quantum field theory quantities, such as one-loop
effective actions, vacuum energies, etc. [63, 64].
Acknowledgments
We are very indebted to Dr G. Zeitrauman for his encouragement. This work is supported
in part by NSF of China under Grant No. 11575125 and No. 11675119.
– 19 –
References
[1] E. Pike and P. Sabatier, Scattering: Scattering and Inverse Scattering in Pure and Applied
Science. Scattering: Scattering and Inverse Scattering in Pure and Applied Science.
Academic Press, 2002.
[2] S. W. Hawking, Particle creation by black holes, Communications in mathematical physics 43
(1975), no. 3 199–220.
[3] T. Damour and R. Ruffini, Black-hole evaporation in the Klein-Sauter-Heisenberg-Euler
formalism, Physical Review D 14 (1976), no. 2 332.
[4] J. Futterman, F. Handler, and R. Matzner, Scattering from Black Holes. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, 2009.
[5] H. Koyama and A. Tomimatsu, Asymptotic tails of massive scalar fields in a Schwarzschild
background, Physical Review D 64 (2001), no. 4 044014.
[6] N. Andersson and K.-E. Thylwe, Complex angular momentum approach to black-hole
scattering, Classical and Quantum Gravity 11 (1994), no. 12 2991.
[7] C. F. Macedo and L. C. Crispino, Absorption of planar massless scalar waves by Bardeen
regular black holes, Physical Review D 90 (2014), no. 6 064001.
[8] D. Batic, N. Kelkar, and M. Nowakowski, On Born approximation in black hole scattering,
The European Physical Journal C 71 (2012), no. 12 1–8.
[9] N. Andersson, Scattering of massless scalar waves by a Schwarzschild black hole: A
phase-integral study, Physical Review D 52 (1995), no. 4 1808.
[10] J. G. Rosa and S. R. Dolan, Massive vector fields on the Schwarzschild spacetime:
quasinormal modes and bound states, Physical Review D 85 (2012), no. 4 044043.
[11] W. M. Jin, Scattering of massive Dirac fields on the Schwarzschild black hole spacetime,
Classical and Quantum Gravity 15 (1998), no. 10 3163.
[12] M. Y. Kuchiev and V. Flambaum, Scattering of scalar particles by a black hole, Physical
Review D 70 (2004), no. 4 044022.
[13] D. Batic, N. Kelkar, and M. Nowakowski, Orbiting phenomena in black hole scattering,
Physical Review D 86 (2012), no. 10 104060.
[14] S. Dolan, C. Doran, and A. Lasenby, Fermion scattering by a Schwarzschild black hole,
Physical Review D 74 (2006), no. 6 064005.
[15] H. Cho and Y. Lin, WKB analysis of the scattering of massive Dirac fields in Schwarzschild
black-hole spacetimes, Classical and Quantum Gravity 22 (2005), no. 5 775.
[16] C. L. Benone, E. S. de Oliveira, S. R. Dolan, and L. C. Crispino, Absorption of a massive
scalar field by a charged black hole, Physical Review D 89 (2014), no. 10 104053.
[17] L. C. Crispino, S. R. Dolan, and E. S. Oliveira, Scattering of massless scalar waves by
Reissner-Nordström black holes, Physical Review D 79 (2009), no. 6 064022.
[18] G. Pei and C. Bambi, Scattering of particles by deformed non-rotating black holes, The
European Physical Journal C 75 (2015), no. 11 1–7.
[19] K. Glampedakis and N. Andersson, Scattering of scalar waves by rotating black holes,
Classical and Quantum Gravity 18 (2001), no. 10 1939.
– 20 –
[20] C. Doran and A. Lasenby, Perturbation theory calculation of the black hole elastic scattering
cross section, Physical Review D 66 (2002), no. 2 024006.
[21] R. Brito, V. Cardoso, and P. Pani, Massive spin-2 fields on black hole spacetimes: Instability
of the Schwarzschild and Kerr solutions and bounds on the graviton mass, Physical Review D
88 (2013), no. 2 023514.
[22] D. Ahn, Y. Moon, R. Mann, and I. Fuentes-Schuller, The black hole final state for the Dirac
fields in Schwarzschild spacetime, Journal of High Energy Physics 2008 (2008), no. 06 062.
[23] V. Cardoso and J. P. Lemos, Quasinormal modes of Schwarzschild–anti-de Sitter black holes:
Electromagnetic and gravitational perturbations, Physical Review D 64 (2001), no. 8 084017.
[24] M. Giammatteo and J. Jing, Dirac quasinormal frequencies in Schwarzschild-AdS space-time,
Physical Review D 71 (2005), no. 2 024007.
[25] H. Okawa, K.-i. Nakao, and M. Shibata, Is super-Planckian physics visible? Scattering of
black holes in 5 dimensions, Physical Review D 83 (2011), no. 12 121501.
[26] R. Konoplya and E. Abdalla, Scalar field perturbations of the Schwarzschild black hole in the
Gödel universe, Physical Review D 71 (2005), no. 8 084015.
[27] T. Damour and R. Ruffini, Quantum electrodynamical effects in Kerr-Newmann geometries,
Physical Review Letters 35 (1975), no. 7 463.
[28] R. Zhao, L.-C. Zhang, and H.-F. Li, Hawking radiation of a Reissner–Nordström–de Sitter
black hole, General Relativity and Gravitation 42 (2010), no. 4 975–983.
[29] X. He and W. Liu, Modified Hawking radiation in a BTZ black hole using Damour–Ruffini
method, Physics Letters B 653 (2007), no. 2 330–334.
[30] S. Zhou and W. Liu, Hawking radiation of charged Dirac particles from a Kerr-Newman
black hole, Physical Review D 77 (2008), no. 10 104021.
[31] S. Sannan, Heuristic derivation of the probability distributions of particles emitted by a black
hole, General Relativity and Gravitation 20 (1988), no. 3 239–246.
[32] R. Li, J.-R. Ren, and S.-W. Wei, Hawking radiation of Dirac particles via tunneling from the
Kerr black hole, Classical and Quantum Gravity 25 (2008), no. 12 125016.
[33] R. Li and J.-R. Ren, Dirac particles tunneling from BTZ black hole, Physics Letters B 661
(2008), no. 5 370–372.
[34] L.-C. Zhang, H.-F. Li, and R. Zhao, Hawking radiation from a rotating acoustic black hole,
Physics Letters B 698 (2011), no. 5 438–442.
[35] R. Balbinot, A. Fabbri, P. Nicolini, V. Frolov, P. Sutton, and A. Zelnikov, Vacuum
polarization in the Schwarzschild spacetime and dimensional reduction, Physical Review D 63
(2001), no. 8 084029.
[36] P. Fiziev and D. Staicova, Application of the confluent Heun functions for finding the
quasinormal modes of nonrotating black holes, Physical Review D 84 (2011), no. 12 127502.
[37] H. Vieira and V. Bezerra, Confluent Heun functions and the physics of black holes: Resonant
frequencies, Hawking radiation and scattering of scalar waves, Annals of Physics 373 (2016)
28–42.
[38] H. Vieira, V. Bezerra, and C. Muniz, Exact solutions of the Klein–Gordon equation in the
Kerr–Newman background and Hawking radiation, Annals of Physics 350 (2014) 14–28.
– 21 –
[39] T. R. Choudhury and T. Padmanabhan, Quasinormal modes in Schwarzschild–de Sitter
spacetime: a simple derivation of the level spacing of the frequencies, Physical Review D 69
(2004), no. 6 064033.
[40] H.-P. Nollert, Quasinormal modes of Schwarzschild black holes: The determination of
quasinormal frequencies with very large imaginary parts, Physical Review D 47 (1993), no. 12
5253.
[41] T. Liu, W.-D. Li, and W.-S. Dai, Scattering theory without large-distance asymptotics,
Journal of High Energy Physics 2014 (2014), no. 6 1–12.
[42] E. Pike and P. Sabatier, Scattering: Scattering and Inverse Scattering in Pure and Applied
Science. Academic, 2008.
[43] W.-D. Li and W.-S. Dai, Scattering theory without large-distance asymptotics in arbitrary
dimensions, Journal of Physics A: Mathematical and Theoretical 49 (2016), no. 46 465202.
[44] W.-D. Li and W.-S. Dai, Exact solution of inverse-square-root potential V (r) = − α√
r
,
Annals of Physics 373 (2016) 207 – 215.
[45] S. Hod, Scattering by a long-range potential, Journal of High Energy Physics 2013 (2013),
no. 9 1–11.
[46] A. Ronveaux and F. M. Arscott, Heun’s differential equations. Oxford University Press, 1995.
[47] F. Schwabl, R. Hilton, and A. Lahee, Advanced Quantum Mechanics. Advanced Texts in
Physics. Springer Berlin Heidelberg, 2013.
[48] F. W. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, NIST handbook of mathematical
functions. Cambridge University Press, 2010.
[49] H. Friedrich, Scattering Theory. Springer Berlin Heidelberg, 2015.
[50] S. Carroll, Spacetime and Geometry: An Introduction to General Relativity. Addison Wesley,
2004.
[51] C. J. Joachain, Quantum collision theory. North-Holland Publishing Company, Amsterdam,
1975.
[52] D. Abramov, A. Y. Kazakov, L. Ponomarev, S. Y. Slavyanov, and L. Somov, Phaseshifts in
the Coulomb two-centre problem, Journal of Physics B: Atomic and Molecular Physics 12
(1979), no. 11 1761.
[53] R. Doran, F. S. Lobo, and P. Crawford, Interior of a Schwarzschild black hole revisited,
Foundations of Physics 38 (2008), no. 2 160–187.
[54] S. Wenda and Z. Shitong, Globally regular solutions of a Schwarzschild black hole and a
Reissner-Nordström black hole, General relativity and gravitation 17 (1985), no. 8 739–746.
[55] N. Graham, M. Quandt, and H. Weigel, Spectral methods in quantum field theory, vol. 777.
Springer, 2009.
[56] A. Barvinsky and G. Vilkovisky, Beyond the Schwinger-DeWitt technique: Converting loops
into trees and in-in currents, Nuclear Physics B 282 (1987) 163–188.
[57] A. Barvinsky and G. Vilkovisky, Covariant perturbation theory (II). Second order in the
curvature. General algorithms, Nuclear Physics B 333 (1990), no. 2 471–511.
[58] A. Barvinsky and G. Vilkovisky, Covariant perturbation theory (III). Spectral representations
of the third-order form factors, Nuclear Physics B 333 (1990), no. 2 512–524.
– 22 –
[59] V. Mukhanov and S. Winitzki, Introduction to quantum effects in gravity. Cambridge
University Press, 2007.
[60] H. Pang, W.-S. Dai, and M. Xie, Relation between heat kernel method and scattering spectral
method, The European Physical Journal C 72 (2012), no. 5 1–13.
[61] W.-D. Li and W.-S. Dai, Heat-kernel approach for scattering, The European Physical Journal
C 75 (2015), no. 6.
[62] D. V. Vassilevich, Heat kernel expansion: user’s manual, Physics reports 388 (2003), no. 5
279–360.
[63] W.-S. Dai and M. Xie, The number of eigenstates: counting function and heat kernel,
Journal of High Energy Physics 2009 (2009), no. 02 033.
[64] W.-S. Dai and M. Xie, An approach for the calculation of one-loop effective actions, vacuum
energies, and spectral counting functions, Journal of High Energy Physics 2010 (2010), no. 6
1–29.
23
